REGULARITY OF SOLUTIONS OF LINEAR SECOND ORDER 
ELLIPTIC AND PARABOLIC BOUNDARY VALUE PROBLEMS 
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Abstract. For a linear, strictly elliptic second order differential operator in 
divergence form with bounded, measurable coefficients on a Lipschitz domain 
f! we show that solutions of the corresponding elliptic problem with Robin and 
thus in particular with Neumann boundary conditions are Holder continuous 
for sufficiently L p -regular right-hand sides. From this we deduce that the 
parabolic problem with Robin or Wentzell-Robin boundary conditions are well- 
on C(fi). 



1. Introduction 

In this article we show that solutions of elliptic Robin boundary value problems 
on a Lipschitz domain f2 C are Holder regular if the right-hand side is smooth 
enough in an L p -sense. In particular, this result applies to Neumann boundary 
conditions. 

More precisely, let L be a strictly elliptic operator in divergence form 
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with bounded, measurable coefficients. We consider elliptic problems that formally 
take the form 
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where we set 
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on dfl, 



N N 

E(E« 

3=1 i=l 



and v denotes the outer normal on d£l. We assume (3 to be bounded and measurable, 
but make no assumptions on the sign of /3. 

In Section [2] we explain what it meant by a weak solution of l|1.2p . Section [3] is 
devoted to L p -regularity and Holder regularity results for solutions of (|1.2p . which 

The main idea is to extend weak solutions by 



are summarized in Theorem 13.141 
reflection at the boundary, to show that this extension again solves an elliptic 
problem, and then to apply interior regularity res ults du e to de Giorgi, Nas h, and 
Moser. This strategy is known, see for example [Tro87l . Section 2.4.3] or [BH91 



Remark 3.10], but it seems that until now it has not been exploited to this extent. 
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In particular, it will follow that if / G D>/ 2 {£1), f, e D>(n), j = 1, . . . ,N and 
.9 € L p ~ 1 (dtt) for p > N, then every solution m of 111.211 is Holder cont i nuous on fi. 
Weaker versions of this result can be found in [BH91, WaroS IPanOsL lAR97ll . On 
the other hand, a stronger version of this result has been obtained in GROlfl, but 
by considerably more difficult methods. Thus I believe that the simplicity of this 
approach has still its own appeal. 

Using the elliptic regularity result we attack parabolic problems in spaces of 
continuous functions in Section [H More precisely, we consider the initial value 
problems 



ii(t, x) = —Lu(t, x), t > 0, i£fi, 

0, t > 0, z E dfl, 

u(0,x) — Uq(x), x G £1, 



(1.3) 



i.e., Robin or Neumann boundary conditions, and 

ii(t, x) = —Lu(t, x) (>0,ie!l, 
-Lu(t,z) + ^f- + (3u(t,z) = 0, t>0,zedQ, 



(1.4) 



u(0,x) = u (x), 



i6!l, 



i.e., Wentzell- Robin boundary conditions. These equations give rise to strongly 
continuous semigroups in appropriate Hilbert spaces. These semigroups have ex- 
tensively been studied, see for example |AtE97l . [PanOOal . IPanOObL I AW03I . I AMPR03L 
ICFG + 08| . In special cases, it is known that the solution operators for these equa- 
tions defin e strongly continuous semigroups also in the space of continuous functions 



on O, see [BH91, F T95I . iFGGRoil . lEngOl IWar06| . We extend these results to the 



case of arbitrary strongly elliptic differential operators with bounded, measurable 
coefficients. 

For simplicity we consider second order linear equations only. We will work 
with bounded, real- valued coefficients and pure Robin boundary conditions, i.e., we 
do not allow for Pirichlet or mixed boundary conditions. We will not investigate 
whether the operators generate semigroups on spaces of Holder continuous functions. 
In the generation results for Wentzell- Robin boundary conditions we will in addition 
assume that the first order coefficient of the elliptic operator is Lipschitz continuous. 

Probably the methods and main ideas of this article still apply without the above 
restrictions, and I will attempt to generalize the theorems accordingly in a future 
publication. 

I express my gratitude to my advisor Prof. Wolfgang Arendt for suggesting the 
problem, hinting towards the methods I used, and in general for his valuable advises. 



2. Preliminaries 

In the whole article f2 will always denote a Lipschitz regular subset of H N , i.e., f2 
is an open, bounded set that is locally the epigraph of a Lipschitz regular function. 
When we work with Lebesgue spaces L p (dfl), we always equip dfl with the natural 
surface measure, which coincides the (N — l)-dimensional Hausdorff measure. Since 
fl is Lipschitz regular, there exists a bounded trace operator from H (ft) to L 2 (dQ), 
and we denote the trace of u G H by u\on or simply by u, if misunderstandings 
are not to be expected. 

We consider linear differential operators L in divergence form acting on functions 
on fl, i.e., L is (formally) given by l|l.ip . We assume throughout that the coefficients 
dij, bj, Ci and d are bounded and measurable and that L is strictly elliptic, i.e., that 
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there exists a. > such that 

JV 

dijix)^ > a|£| 2 (2.1) 

ij = l 

holds for all £ G and almost every x in fl. Moreover, we restrict ourselves to 
the case N > 2 for simplicity. 

For L as in Ql.ip and (3 £ L°°(dfi), define the bilinear form az,,p via 

N „ N 



ajj p(u,v) := y / a.ijDiuDjV dX + \ / bjuDjV dX 

i,J=l Jti 3 = 1 Jn 

N 

+ / CjDiUv dX + duv dX + (3uv da 
i=1 Jn Jn Jan 



(2.2) 



for u and v in iJ 1 (fi). 

Given functions fj £ L 1 (il), j = 1, ...,7V, and g G i 1 (9fi), we consider u G 
if 1 (ft) that satisfy 

TV 

a i)j8 (u, u) = / f v dX + V / dA + / gv da for all « G C^TT). (2.3) 

Jn J=1 Jn Jan 

This corresponds formally to the elliptic Robin problem (|1.2p with a distributional 
right-hand side. 

If l|2.3p holds maybe not for all v £ C 1 (f2), but at least for all smooth functions 
v £ C£°(0) with compact support in fi, we say that u £ H 1 ^) solves the problem 
Lu = fo — Djfj. Note that this condition does not depend on (3. 

In the proofs, we will frequently need Sobole v embedding theorems, which can 
be found for example in Grisvard's book [Gri85l . Theorems 1.5.1.3 and 1.4.4.1]. 



3. Elliptic Problems 

3.1. Neumann boundary conditions. In this section we consider l|2.3p in the 

special case f3 = 0, i.e., elliptic problems with Neumann boundary conditions. We 
will see that for sufficiently regular right hand sides, every solution admits a Holder 
continuous representative. 

Let f2 C R^ be Lipschitz regular. By definition, for every z £ dfl we can 
choose an orthogonal matrix O, a radius r > 0, a Lipschitz continuous function 
ip: R"" 1 -> R and 

G:= {(y,i>(y) + s) :y£ 5(0, r) cE^.e (-r,r)} 

such that 

O(0 - z) n G = { (y, V^(y) + s) : y £ 5(0, r)cR N -\s£ (0, r)} . 

Convention 3.1. Since the assumptions of Section [2] are invariant under isometric 
transformations of R , for local considerations we may without loss of generality 
assume that O = I and z = 0. 

Define T(y, s) := (y, f/j(y) + s) for y £ R"" 1 and s £ R. Then T is a bi-Lipschitz 
mapping from 5(0, r) x (— r, r) to G with derivative 

T '^=i?k) !) a " d I, <**> _1 -(-vS w !) 
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almost everywhere. Moreover, define the reflection S: G — ► G at the boundary dfl 
by S(T(y,a)) :=T(y,-s). Then 

S'(T(y, s)) = T>(y, -s) (J ^ 1% s) - = 

almost everywhere. Note that S(Sx) = x, S' is bounded, detS"(x) = —1 and 
S"(a;) _1 = S'(x). Moreover, S'(y,s) does not depend on s, whence S'(Sx) = S'(x). 

Notation 3.2. We write U for G n SI and V for S(U) = G\U. For a function 
w defined on D C G, define w* by := w(Sx) on S(D). If a function u> is 

defined on U, define w on G by 



w(x) ■- 



w(x), x E U, 
w*(x), x E V. 



on G. In the following it will not matter that w is not defined on dfl n G since we 
will apply this notation only to L p -functions and the set has measure zero. 

For the rest of the section we fix a linear, strictly elliptic differential operator L 
in divergence form and write a for the matrix (ay) and b and c for the vectors (bj) 
and (c,), respectively. Moreover, define 

ja(a;), set/, - \H X ), x E U, 

a[x) := < _ b(x) := < 

1 ' \S'(x)a*(x)S'(x) T , xEV, K ' \S'(x)b*(x), x E V, 



c(x) 



c(x), x E U, 

S'(x)c*(x), xeV. 



Lemma 3.3. 

(i) If w is in H X (D), then w* is in H 1 (S(D)), and Vw*(x) = Vw{Sx)S , (x) almost 
everywhere. 

(ii) If w is in H 1 ^), then w\au = w*\dv on dtt n G. 

(iii) If w is in H X (U), then w is in H X {G), and Vw = Vwl[/ + Vw* t v . 

(iv) For any p E [1, oo], the extension operator wntiis continuous from L P (U) 
to L p {G). 

(v) The functions a, 6, c and d are measurable and bounded on G. 

Proof. Assertion (0) follows from Zie89l Theorem 2.2.2]. Assertion |n]) is obvious if 
tu is in addition continuous up to the boundary. Since U is Lipschitz regular, those 
functions are dense in i? 1 (C/) and the claim follows by approximation. Let ipbea 
test function on G. The divergence theorem EG92I . §4.3] shows that 



w Diip dX — / wf v.i dcr — / DiW ip dX + / w*ip V{ da — \ DiW* ip dX 

• JdU JU JdV JV 

The boundary integrals cancel due to |n| since the boundaries dV and d U have 
opposite orientations. This proves (|mjl. Assertion ((Iv]) follows from EG92I . §3.4.3], 
and assertion (jvj) is obvious. □ 

Lemma 3.4. There exists a constant & > such that £ T a(a;)£ > a[£| 2 for all 
£ G ~R N and almost every ieG. 

Proof. Let w e R* -1 be an arbitrary row vector and define W := Given 
a positive definite matrix M := ^) £ R JVxAr , the matrix 

A Aw T - b 

A — c wAw T — wb — cw T + dj 



WMW T 



is positive definite as well. In fact, it suffices to check that the leading principal 
minors are positive. Since M is positive definite, all minors of M are positive. Hence 



ELLIPTIC AND PARABOLIC REGULARITY ON LIPSCHITZ DOMAINS 



5 



the first TV — 1 leading principal minors of WMW T are positive and, moreover, 
detM > 0. Thus det(WMW T ) > by the multiplicativity of the determinant 
since det W = det W T = — 1, which proves the claim. 

By what we have shown, the least eigenvalue X\(WMW T ) of WMW T is positive 
whenever M is positive definite. Since Ai depends continuously on the entries of 
the matrix this shows that Xi(WMW T ) > S for some S > as M ranges over 
a compact subset of the set of all positive definite matrices, and w ranges over a 
compact subset of I*" 1 . 

Recall that a matrix A G R NxN satisfies £ T A£ > a|£| 2 , a > 0, for all £ G M. N if 
and only if Xi((A + A T )/2) > a. Thus by assumption (|5TT)l 

|(o(x) +a(x) T ) G Kx := {M G R^^ : M = AI T , A X (M) > a, \\M\\ < c) 

for some constant c and for almost all i£(J. The set K\ is a compact subset of the 
positive definite matrices. Let K 2 C JR^ -1 be a closed ball whose radius is larger 
enough such that 2Vtp (y) G if 2 for almost all y. 

Using the first part of this proof, we see that there is S > such that 

X 1 (^S'(x)(a(Sx) + a(Sx) T )S'(x) T ) > 6 

for almost every x G U. Thus £ T a(x)£ > 8\^\ 2 almost everywhere on V, from which 
the claim follows with a '■= min{a, 5}. □ 

Lemma 3.5. Let L denote the differential operator on G for the coefficients a, b, 
c and d. Assume that there exists p > N such that /o G L p / 2 (Q), fj G L P (Q), 



j = 1,...,N, and g G L p ~ 1 (dfl). Assume that u G ^(Q) is a solution of ([23]) 
(recall that we allow only for /3 = in this section). Then there exist s > N and 
functions ho G L s / 2 and hj £ L s , j = 1, . . . ,N , that satisfy 



(£,«) = / hovdX + Y] / h i D l vdX (3.1) 



for every function v G C£°(G). 

Proof. By definition of a solution of (|2.3p we have that 

AT W JV 



N / aijDiuDjV dX + / bjiiDjV dX + ^ / CiDiUV dX+ / dm; dA 
= / /owdA + V [ f j D j vdX+ [ gvda 



holds for every v G C£°(G). 

Using part |I} of Lemma [3~3l and the change of variables formula EG92I . §3.4.3], 
replacing x by Sx, we obtain 

(V£t)a(Vu) T dX+ u(Vv)b dX+ (Vu)cv dX + duv dX 
Jv Jv Jv 

Vu(Sx)S'(x)S , (x)a(Sx)S'(x) T (Vv{x)) T dx 

u(Sx)Vv(x)S'{x)b(Sx)dx + [ Vu(Sx)S'(x)S'(x)c(Sx)v(x)dx 

Jv 

+ j d(Sx)u(Sx)v(x)dx 
Jv 

Vu(x)a(x)S'(x) T (Vv(Sx)) T dx + / u(x)X7v(Sx)S' (x)b(x)dx 
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+ / \7u(x)c(x)v(Sx)dx + / d(x)u(x)v(Sx)dx 
Ju Ju 

= / Vu(x)a(x)(\7v*{x)) T dx + / u(x)Vv* (x)b(x)dx 
Ju Ju 

+ / Vm(i)c(i)w* (x)dx + / d(x)u(x)v* (x)dx 
Ju Ju 

N 

= [ /oi>* dA + V f fjDjV* dA + f gv* da 
Ju - =1 jV Jac/ 

= / /o(x)w(S'x)dx + V] / fj(x) Djv(Sx)(S' {x))jjdx + / gw* der 
Jc/ i=l"' C/ i=i 

. N „ N . 

= / j>dA + ^ / ^2(S')ijfj DiV dA + / <?wda, 
i=1 3 - =1 Jac/ 



for every v £ (Q) , where we have used that u is solution of i|2.3 
Adding these two equations and defining fj £ L P (G) by 



/,■(*) 

we obtain 



fj{x), x e U, 



[ f a vd\ + Y] [ fjDjvdX + 2 [ gvda. (3.2) 

Jg =1 Jg JdU 



Since g is in L p l {dU) and the trace operator is bounded from W 1,r (G) to 

L (N-l)r/(N-r)( dU ^ for eyery ? . g ^ jy) ^ mappin g 



C~(G) ->K,, m2 / soda 



extends to a continuous linear functional on Wg' r °(Cr) for ro := ^ 2 )n+i • Thus 
there exist functions (kj)j =0 in L r °(G) such that 



2 / gv da = k^v dA + / kjDjV dA 
Jay Jg 

holds for every test function v, cf. Zie89l . Theorem 4.3.3]. Note that by assumption 
r 'o = n=T~ 1S larger than N. Hence l|3.ip follows from (|3-2j) by setting ho '■= fo + ko 
and hj := fj + kj for j = 1, . . . , N. □ 

Proposition 3.6. Let fl C ~R N be Lipschitz regular, p > N. There exist 7 > and 
a constant c with the following property. If fo £ L P//2 (f2), /j £ L p (f2), j = 1, . . . , N , 
and 3 £ L p-1 (9f2), then every solution u of l|2.3p (recall that at the moment we 
allow only for f3 = 0) is in C°' 7 (f2) and satisfies 

JV 

IMIc°.7(n) < c(||ti||ia ( n) + ||/o|Lp/2(n) +^2\\f3\\LP(a) + l|slU*>-i(an))- (3.3) 

Proof. Fix z and G as at the beginning of this section. By Lemma [3751 there exists 
s > N and functions ho £ L S / 2 (G) and foj £ L S (Q), j = 1, ... ,7V, such that the 
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extension u € H 1 (G) of u solves the problem 

N 

Lu = ho — Djhj. 

3=1 

By Lemmata [33] and [331 the differential operator L on G satisfies the assum ptions 
of Section [2j Thus it follows from results about interior regularity [GTOll . Theo- 
rem 8.24] for every uj <s G there exists 70 > such that u is in C 0,70 (to) and satisfies 
an estimate of the same kind as (|3.3p . Thus u is in C°' 7 (w D f2) and satisfies an 
appropriate estimate. 

Since dfl is compact, we can cover dfl by finitely many such sets. Using the 
result about interior regularity once again to control u in the remaining part of Q, 
the result follows. □ 



3.2. Robin Boundary Conditions. In this section we will apply Proposition! 
to obtain similar results also for Robin boundary conditions, i.e., for solutions 
of (|2.3p if (3 does not necessarily equal 0. As a stepping stone, we investigate the 
L p -regularity of these solutions also in cases where the data satisfies fewer regularity 
assumptions than in Proposition l3.6l Thus even for j3 = 0, the results of this section 
are more general than those of the previous one. 

As before, let ft C R w be Lipschitz regular and L be a linear, strictly elliptic 
differential operator on fl. Moreover, let (3 be an arbitrary function in L°°(dCl). 

For wGtwe introduce the forms a£ g, which are defined via 



a L,/3( u J v ) := a L,p{u, v) + lu / uv d\ (3-4) 
for u and v in We consider the functions u e that satisfy 

N 

a£ p {u, v)= [ f v dX + V / fjDjV dX + [ gv da for all v e C^H). (3.5) 
Jn =1 Jn Jan 



This is a generalized version of l|2.3p . and these two problems coincide for uj = 0. 
The advantage of the more general form is that for large uj the problem Q3,5p is 
uniquely solvable. 

Lemma 3.7. Let N > 3. There exist uj £ R and a constant c with the following 
property. If f E L 2N /^ n+2 \Vl), ft e L 2 (ty, j = 1, . . . , JV, and g £ L 2 ( N -W N (dQ), 
then problem p.5p has a unique solution u € H 1 (ft), and 

N 

IMIffi(n) < c(||/ || 1 ,2jv/(jv + 2) (n) +^2\\f 3 \\mn) + ll.9llL2 ( ™-i)/iv (ao) ). (3.6) 

Proof. By Dan09l . Corollary 2.5] there exist r\ > and w£l such that 

a% t p(u,u) > ri\\u\\ 2 Hl{n) . 

Thus, by the Lax-Milgram theorem iGTOll . Theorem 5.8] there exists a constant c\ 
with the following property. For every ip 6 H 1 ^)' there exists a unique function 
u £ iJ 1 (SI) that satisfies 

a% i() (u,v)=ip(v) for all v G 1 (SI) , (3.7) 

and for this u we have 

IMIffi(n) < ci||V||ffW ( 3 - 8 ) 
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Since embeds into L 2N ^ N 2 \SY) and the trace operator maps iJ 1 (SI) 

into L 2 ^ N ~ 1 '^ N ~ 2 \dQ), there exists a constant C2 with the following property. For 
fa e L 2N /( N+2 Hn), e L 2 (f>), j = l,...,N, and g e L 2 ( JV "- 1 )/ JV (90) ) 

^(«):= / /o«dA + V / / JJ D J i>dA+ / ^ da (3.9) 
Jo . =1 ./on 

defines a continuous linear functional ip on iJ 1 (fi) that satisfies 

N 

\\i>\\m{ny < c2(||/o||z,2«/(«+2)(n) + X! ll/j'IU 2 (n) + HaHl^C"-^/^^))- (3.10) 

i=i 

Now let / G i 2Ar /( Ar + 2 )(o) i £ e L 2 (S7), j = l,...,N, and 5 G L 2I - N ~ X ^ N (dil) 
be arbitrary. Define -0 as in Q3.9p . and let m be as in Q3.7p . Then u is a solution 
of |3~5)) . Since C 1 ^) is dense in ff^fi), every solution of ((375]) satisfies IpT?) . 
Hence the solution of Q3,5p is unique. Estimate l|3.6p follows with c := C1C2 by 
combining (075]) and (|37l0|) . □ 

Lemma 3.8. Let N ~ 2 and g > 1. There exist ui G R and a constant c with the 
following property. If f G L q {Q), fj G L 2 (f2), j = 1,...,N, and <? G L«(<9fi), then 
problem (|3.5p has a unique solution w G if 1 (SI), and 

< c (II/o||l 9 (o) + J! H/?IU 2 (n) + hh^dn))- (3.11) 
i=i 

Proof. The proof is similar to the proof of Lemma l3~7l Here, however, we use that 
7J 1 (fl) embeds into L r (S7) for every r < oo, and that the trace operator maps i? 1 (Sl) 
into L r (dQ) for every r < oo. □ 

Remark 3.9. It should be noted that in Lemmata 13.71 and 13.81 we can take any 
ui G R such that l|3.5p has a unique solution for some right hand side. In fact, 
let A be the operator from iJ 1 (f2) to 1 (SI)' defined by (Au,v) :— aL^(u,v). 
Considering i? 1 (Sl) as a subspace of ff 1 (Sl)' via the scalar product in L 2 (S1), A is 
a densely defined, closed operator on i? 1 (S7)'. The resolvent of A is compact since 
if 1 (SI) is compactly embedded into L 2 (S1). For ui G R, the Fredholm alternative 
asserts that either there exists u G 1 (SI) such that (ui + A)u = 0, which means 
precisely that the solution of (|3.5p is not unique, or ui + A is boundedly invertible, 
which implies estimate i|3.6p or (|3.1ip . respectively. 

Now, as an interlude, we come back to the Neumann problem. Afterwards, the 
following propositions will be generalized to cover Robin problems as well. 

Lemma 3.10. Let p > N, and let uj be as in Lemma l3~7l or Lemma l3~8l respectively. 
Assume (3 = 0. Then there exist 7 > and a constant c with the following property. 
If f G L p/2 (S1), fj G L P (S1), j = 1, . . . ,N, and g G L p_1 (dQ), then the unique 
solution u of p.5p is in C 0,7 (S1) and satisfies 

N 

IMIc°.-r(n) < c(\\f \\ LP/ 2 {n) +Xl|/j]|LP(n) + IblUf-i^n))- 

i=i 

Proof. By Lemma 13.71 or Lemma 13.81 respectively, the solution is unique, and 
by (|3.6p or (|3.1ip there exists a constant ci such that 

AT 

l|w||i,2(n) < ci(||/ ||lp/2(o) +^2\\fj\\LP(si) + hhp-Hda))- 

3=1 

Thus the result follows from Proposition 13.61 □ 
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Lemma 3.11. Let N > 3, < q < -y, e > 0, and let u be as in Lemma T3.7I 
Then there exists a constant c with the following property. If /o G L q+£ (fl), fj G 
L Ng/(N-q)+s^^ j = i ; . . . j jv, and .9 G L^-^/^-^+^dfi), then the unique 
solution u of 432]) satisfies u G L N q l ( N ~ 2q \$l) and u| an G 2,(^-1)9/(^-2,) 
and 

||«||iW9/CJV-a«i(n) + ll u llL(«- 1 )<!/(«-2< ! )( an ) 

< c(||/o||£«+*(n) + ^2 ll/jlL«'j/( JV -'j)+=(n) + ll5llL(«- 1 )<j/<«-<j)+=(aa)) 

Proof. Pick p > N. It will turn out at the end how close to TV we have to pick p, 
but this condition will depend only on N and q, hence the argument is not circular. 
To simplify the notation of the proof we introduce the Banach spaces 

U' s > 1 := L r (fl) © L a (Cl) N © L\dtt) and L x ' v := L x (Sl) © L v (8Sl). 

Note that the complex interpolation spaces [2/°. s °>*°, Z/ 1 ' 81 '*^ and [L^ ^ , L Kl ' yi ] e , 
G [0, 1], are by the natural isomorphism isomorphic to 27' s '* and L x ' y , respectively, 
where 

1 _ 1-0 , e_ 1 1-9 1 1 i-g 1 _e_ /o 1 o\ 

r ~~ r n n ' s — s si ' t — t ti ' ( <3 - li: J 

I = i-Q 1 I 1 _ 1-9 1 _e_ 

This follows from Tri95l . §1.18.4] and the observation that 

[X © Y , X x © Yl] e £* [X , X x ] fl © [Yo, *i] fl 

holds for all Banach spaces Xo, Xi, Yq and Yi, which is a direct consequence of the 
definition of the complex interpolation functor Tri95l . §1.9]. 

For f G L 2Ar /( Ar+2 )(r>), f 3 G L 2 (n), j = 1, . . . ,N, and g G L 3 ^- 1 )/*^) we 
denote by i?(/o, {fj)jLi,g) the unique solution u G J/ 1 (ri) of 1]3.5|1 . It is clear that R 
is a linear map. Let 7 > be as in Lemma f3. 101 If we consider and C°' 7 (n) 

as subspaces of L 2 - 2 via the injection u 1— > (M,u|an), then the Sobolev embedding 
theorems and Lemmata ET7l and [37101 show that R maps £2iV/(iV+2),2 ) 2(Ar-i)/JV i n t 

L 2N/(N-2 ) 2(N- l)/(N-2) and ^ addition L p/2,p,p-l mto £00,00 ^ 

Using |Tri95l . Theorem 1.9.3(a)] for 

/i jVq+2g-2jV 

P ,— q(N-2) ' 

we obtain that i? maps L r * into j cW9/(A r -2 9 ),(w-i)g/(JV-2 g ) ; where ^ Sp and 
t p are defined as in (|3. 12|) for 

2N o _l 2(AT-1) 

r o = W^2: s o = 2, t = \ ' , 

n = § , si =p, ti =p - 1. 

It is easy to see that the dependence of r p , s p and t p on p is continuous and that 

tn = q, sn = jf^ and t N = Vj^f- . 
Thus there exists p > N such that 

r p < q + e, s p < + e an d tp < + e. 

The result follows if we start the whole argument with such a value for p. □ 

Remark 3.12. We exclude N = 2 in Lemma 13.111 because the admissible range 
for q is empty in that case. However, if we take N = 2 and q = 1 and adopt 
the convention that ^ be 00, Lemma f3. 1 II is a special case of Lemma f3 . 101 More 
generally, this is true also for TV > 3 in the boundary case q = £ . 
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Now we come back to Robin boundary conditions. The following bootstrap- 
ping argument allows us to deduce regularity results for Robin problems from the 
corresponding results for Neumann problems. 

Lemma 3.13. Let N > 3, < <? < f and e > °- Then there exist e > and 
a constant c with the following property. If f G L« +e (fi), fj G L JV «/( iV -9)+ e (Q) ! 
j = 1, , . . ,N, and g G L^-WC'v-srH^dfi), then every solution u G H^fl) of (J23J) 
satisfies u G Z,9 +e ~(fi), u| en G L( Ar " 1 )«/( iV -5)+^(5Q) and 

JV 

IMU^^n) < c(\\u\\ L 2 {n) + ||/o||£«+ S (n) H/jllL N ^( JV -' i, >+ E (o) 

+ ||fl , ||i(w- l )9/(N-9)+t(an))- 
Proof. Define by induction 

9o : = and Qn+i : = min{g, }, 

where we adopt the convention that 1/0 := oo. Note that there exists n G IN such 
that q n = q, since otherwise we would have 

In = N-2q^ 1 ^ JV-2?n-l >"'> {n-2) 90 ~> OO (n -> oo) 

which is not possible since q n < q for all n G IN by definition. 

For n G INo, we say that (P n ) is fulfilled if there exist e n > and a constant c„ 
with the following property. If f G L 9+£ (0), /j G L^/^-'H^fi), j = 1, ... ,7V, 
and 5 G i( JV - 1 )«/( JV -9'+e(af]) i then every solution u G H^fl) of Jlj]) satisfies 
u G L^+^(n), u\ an G L^-W^-feH*. (90) and 

AT 

||«||i«»+«n(n) < c n (\\u\\ L 2 (n) + ||/o||i«+ S (n) + /] II/jIL«<j/<«-<!)+=(o) 

j=i (3.13) 

+ ll5 , llL(«- l )9/(«-9)+»(ao))- 

The statement (Pq) is obviously true. So now assume that (P n ) is true for some 
n G Mo. If q n = q, then (P„ + i) is trivially fulfilled since it is the same statement 
as (P n )- Thus we may assume q n < q without loss of generality. Let u) be as in 
Lemma [3771 or Lemma l3~8l respectively, and note that every solution u G iJ 1 (fi) 
of IpO)) satisfies 




(3.14) 



for all v G C 1 (0), i.e., u solves ([3.5P for a different right-hand side that involves u. 
Thus Lemma T3 . 1 1 1 applied to a value q such that q n < q < min{g, q n + e n } implies 
that there exist constants c and e n +i > such that 

N 

||«|li«»+i+«n+i(n) ^ c(||u|| I ,« n + e »(n) + ||/o|U«+=(n) + ^ l[/jll x,J y g/(J y -a)+«(ft) 

i=i 

+ ll3llL(™- l )<!/(«-9)+=(ao))- 

Using (P n ) to estimate ||u||i«n+*n(n) as m <|3- 13p . we have proved (P„ + i). By 
induction, (P„) is true for every n G INo- Since the statement of the lemma is 
equivalent to (P no ) for some n G INo such that q no = q, this finishes the proof. □ 

The following theorem summarizes (and extends) all previous results in this 
section with the exception of Lemmata l3.7l and 13. 8} which are slightly sharper. As 
always, we assume that f2 C R , N > 2, is Lipschitz regular and that L is a strictly 
elliptic differential operator with bounded coefficients. 
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Theorem 3.14. Let < q < -y, e > 0. Then there exist 7 > and a constant 
c with the following property. If f £ L f ' +e (0), fj G L JV ?/( iV -«)+ e (n), j = 1,...,N, 
and 5 G LC^-^'/^-^+^an), then every solution u G ff^fi) of satisfies 

(i) if g < AT/2, then u G L Nq ^ N ~^{il), u\ dn G Z,^ -1 )'/^ -2 ?) (90), and 

iV 

< c (IMU 2 (n) + ||/o||L«+*(n) + ||/illiw a /(Jv-9)+«(n) + ||ff||i(w-i)«/(jv-,i)+*(a n )); 

3=1 

(ii) if g = AT/2, then u G C°^{Q), and 

||«||c".T(f2) < c(||u|| i 2 (n ) + ||/o||l«/2+-(o) + H/illi N+E (^) + llslk^-'+^an))- 

3=1 

Moreover, if the solution is unique, then it satisfies 

(hi) if q < N/2, then u G L N ^ N -^{Q), u\ 9n £ L^ N ~^ q / i N ~ 2q ) (pVt) , and 

||u||iN(r/(^-2(r)(n) + ll w llL( JV -i)9/(iv-2g)(an) 

AT 

< c(||/o||i«+=(n) + X! ll/j'lU^^-^+'Cn) + l|ff||LC-«r-i)«/(w-9)+s(an)); 
3=1 

(iv) if g = AT/2, then u £ C°>T(fi), and 

JV 

|M|c°.7(fi) < c(||/o|L^/2+e (n) +^2\\fj\\ L »+e(Q) + 1 1 .9 1 1 L« - 1 + * (OH) ) ■ 

3 = 1 

Proof. We can consider solutions of (|2.3|1 as solutions of a problem of the kind (|3.5p 
as in (|3.14j) . where u> is as in Lemma l3~Tl or Lemma l3~8l respectively. For A^ > 3, 
Lemma l3.13l asserts that for this equation the assumptions of Lemma l3.11l fg < N/2) 
or Proposition 13.61 (q = N/2) are satisfied and that we can estimate the norm of 
IMlL«+ s (n) appropriately, whereas for N = 2 this is obvious. From this we obtain (0) 
and 1(5]). 

For (|5T|) and |Iv|) it only remains to show that ||w||l2(q) can be estimated accord- 
ingly if the solution is unique. This can be proved using the Fredholm alternative, 
see Remark l3~9l □ 

4. Parabolic Problems 

Again, let fl C M. N be Lipschitz regular and assume that L is a strictly elliptic 
differential operator on fl as defined in Section [2] It has been shown in |\Var06l | 
that — L = A with Robin or Wentzell- Robin boundary conditions generates a Co- 
semigroup on C(fi), although the calculations contain a small mistake that over- 
simplifies the arguments. We employ similar ideas to show the result is true for 
general operators. 

4.1. Neumann and Robin boundary conditions. Let A be the operator on 
L 2 (fl) associated with the form a,L,p defined in l|2.2p . It follows from the theory of 
forms that —A generates a positi ve, compact, holomorphic Co-semigroup (T(t))t>o 
on L 2 (Q), cf. for example Ouh05l |. The trajectories of this semigroup are the unique 
mild solu tions o f the parabolic problems l|1.3p with Robin boundary conditions, 
compare 



ENOCl §VI.5]. 



It is known that each T(t) i s a kerne l operator with a bounded kernel kit, •, •) 
which has Gaussian estimates [DanOOal . Corollary 6.1]. Thus (T(t)) t>o extrapo- 
lates to a family of holomorphic semigroups on L p (fl), p G [1, oo], which have the 



12 



ROBIN NITTKA 



same angle of holomorphy, and all ope rator T(z) for Re z > are kernel operators 
satisfying a Gaussian estimate [AtE97l . Theorem 5.4]. 

We start this section by an investigation of the regularity of these kernels. In 
particular it follows from the next theorem that the kernels are jointly continuous in 
the time variable (away from t = 0) and in the space variables (up to the boundary 
of ft). 

Theorem 4.1. The function 1 1— ► k(t, ■, ■) is analytic from (0, oo) to C 0,7 (ft x ft) for 
7 as in Theorem 13.141 In particular, k £ C°' 7 ([ti, t 2 ] x ft x ft) for < n < r 2 < oo. 

Proof. Let w be so large that a£ a is coercive. Then in particular A := — u> £ g{A). 
By Theorem 13.141 there exists m £ IN and 7 > such that 

R(X,A) m L 2 (fl) c C°'T(ft). 

Since (T(t)) t >o is holomorphic, this implies that T(t) maps L 2 (ft) boundedly to 
C°< 7 (ft) for every t > 0. 

Let </?hoi be the sector of holomorphy of (T(t)) t >o and fix < 6 < (fhoi- Let 
k(z, -, •) denote the kernel of T(z) for z £ Eg, and let < t\ < r 2 . Define 

Se,n,r 2 := {z G C : z - ti e £j and |z| < r 2 }. 

Since k(t, ■, •) S i°°(ft x ft), there exists a constant K > that depends only on 
the semigroup and the set Ee, Tl , r2 such that for all z £ Ee TljT2 and almost every 
y £ ft we have 

ll fc (^-:2/)llc°.-<(0) = l| r (^) T ( Z - T l) fc (^>-'y)|lc<^(fi) 

- \\ T (lt}\\j?(L 2 (n),c«-->(ci)) H T ( Z ~ Tl )ll^(L2(f2)) WH^, •)2/)|| £ ,2 (n ) 
< A' 

Using a duality argument, we can estimate ||fc(z, a;, Ollc^cn) m a similar manner, 
possibly increasing the value of K appropriately. Thus 

\k(z,x,y)-k(z,x,y)\ < K\x - x\i + K\y - yp <2A'|(^)|^ (4.1) 

for almost every x, x, y and y in ft, which shows that {k(z, ■,■) : z £ Se iTljT2 } is a 
bounded subset of C ' 7 (ft x ft). 

Since (T(z)) ze s e is holomorphic on £ 2 (ft), 



(T(z)l^ I Ifilymj = / k(z,x,y)t A xB<i{x,y) 

JSJxSl 

is holomorphic for all measurable subsets A and B of ft. Considering integration 
against Iaxb as a functional on C 0,7 (ft x ft), we see that the mapping z 1— > k(z, •, •) 
is holomorphic from £^ Tl , T2 to C 0,7 (ft x ft), because the li near comb inations of such 
indicators separate the points of C 0,7 (ft x ft), compare [ABHNOll . Theorem A. 7]. 
Since t\ and t 2 are arbitrary, the first assertion follows. The second assertion is an 
easy consequence of the first. □ 

Next we show that (T(t)) t >o restricts to a Co-semigroup on C(ft). For this we 
need the following density result. 

Lemma 4.2. Assume that a^ ^ is coercive and let 7 be as in Theorem 13.141 For 
all v £ C°°(ft) and all e > there exists tp £ C°°(ft) such that the unique solution 
u of l|2.3p for the right-hand side /o := ip, fj ■= 0, j = 1, . . . , TV, and g := satisfies 

II" - «||c°-7(n) < £ - 

Proof. Let e > and p > N be arbitrary, and let hd be in C°°(R Ar ; 1*) su ch that 
hd ■ v > 1 almost everywhere on 9ft. Such a vector field hd exists, see Dan09l . 
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Lemma 3.2]. By the Stone- Weierstrass theorem we can find a smooth vector field 
h G C°°(R N ;R N ) such that 

1 1 7 fivhd II , ~ 

\\ n ~ T^17\\ lp (dn-M N ) <£ - 

Hence g := h ■ v — f3v satisfies ||<?||z,p(an) < s. Since the test functions are dense in 
L p (Sl), there exist fco, fci, . . . , fc/v in C£°(f2) such that the functions 

N N 

fo := fc - ^2 CiDiV - dv, fj := -hj -kj-} j a id D t v - bjV, 

i=l i=l 

j = 1, . . . ,N, satisfy WfjW^n) < e for j = 0, . . . , N. Define V G C 00 ^) by 

ip := fc + Djkj + div(h), 

3=1 



and let u be the unique solution of (|2.3|) as described in the claim. By the divergence 
theorem, 



JV 



/ tpip dA = / fco^ dX + (h ■ v)<p da — 2_. / (hj + kj)Dj<p dA 
Jo Jan J=1 Vn 

for every tp G C 1 (r2), hence 

aL,p{u- v,cp) = / ip<p dA- a Lt p(v,(p) 
Jn 

= / /ov dA + V] / f J D :j ipdX+ / 5</?dcr 
Jn J=1 Jn Jan 

for all (p G C^fi). Thus part JIv| of Theorem IS. 141 implies that 

||«-«||co.7(n) <c(N + 2)e 

for some constant c that does not depend on v, tp, e or e. Now if we pick e small 
enough such that c(N + 2)e < e, the claim follows. □ 

Theorem 4.3. The restriction of (T(t)) t >o to C(f2) is a positive, compact, holo- 
morphic Co-semigroup. 

Proof. Let ui be such that a£ g is coercive. Then in particular A := — ui G g{A). By 
Theorem I3.14I there exists m G IN and 7 > such that 

R{X,A) m L 2 (n) c C°'T(0). 

Since (T(i))t>o is holomorphic, this implies that T(t) maps L 2 (fl) boundedly to 
C 0,7 (r2) for every t > 0. In particular, the subspace C(f2) is invariant under T(t), 
and factoring through L 2 (Q) we see that T{t) is a compact operator on C(Q). 
Positivity follows from the positivity on L 2 (Q). 

As was already remarke d, the rest riction of (T(t)) t >o to L°°(r2) is a holomorphic 
semigroup in the sense of |ABHN01 . Definition 3.7.1]. Its generator is the part of 
A in L°°(Q). Since C°°(n) is dense in C(H), Lemma K2l shows that the part of 
A + lo in C(f 2) and hence also the part of A in C(f2) is densely defined. Thus, 
by lABHNOll . Proposition 3.7.4 and Remark 3.7.13], the restriction of (T(i)) t > to 
C(f2) is a holomorphic Co-semigroup, whose generator is the part of A in C(O). □ 
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4.2. Wentzell-Robin boundary conditions. Let A be the operator on the Hilbert 

space H := L 2 (Q) © L 2 (dSl) that is associated with the form 

o.L,p{{u, u\an), (v, v\ 9n )) ■= a L ,p{u, v) 

with the dense form domain 

V := {(«,u| an ) : « e H\Sl)} C H. 

It follows from the theory of forms that —A generates a positive, compact, holomor- 
phic Co-semigroup (T(t)) f >o on 7i. This semigroup, or more precisely its restriction 
to V, describes the solutions o f the evolu tion problem (|1.4p with Wentzell-Robin 
boundary conditions, compare 

We need to show that (T(t)) t >o extrapolates to C(f2). An easy sufficient con- 
dition is quasi-L°°-contractivity, i.e., to assume that the semigroup (e _wt T(t))t>o 
is L°°-contractive for some w € It. However, this cannot be expected in general, 
even if Q is an interval and L is formally self-adjoint and has regular second-order 
coefficients, as the following example shows. 

Example 4.4. Consider the operator 

(Lu)(x) — —(u'(x) + sgn(x)u(x))' + sgn(x)u(x) 

on Q = (—1, 1) with Wentzell-Robin boundary conditions, i.e., a = 1, b = c = sgn, 
d = 0, and (3 arbitrary There exists nouEK such that the semigroup e -wt T(i) 
consists of contractions on L°°(Q) © L°°(dCl). 

Proof. Assume that e" wt T(t) is contractive on L°°(ft) ®L°°(dn) for all t > 0. This 
semigroup comes from the form a£ ^, which is defined by 

a L :/ 3(( u i u \dn), (v,v\ dn )) 

u'(x)v'(x) + sgn.(x)u(x)v' (x) + sgn(x)u' (x)v(x) + um(x)v(x))dx 

+ (/3(-l) + w)u(-l)i;(-l) + + w)«(l)«(l) 

for (u, u\dn) and (v, v\aa) in V. Ass ume tha t there exists w£l such that e~ UJt T(t) 
is L°° -contractive for alH > 0. By Quh05l . Theorem 2.15] this implies that 

*L,p{( v > v \d(i), (w,w\dn)) > with v := (1 A \u\)sgn(u) and w := (\u\ - l)+sgn(u) 

for all (u,u\dn) & V, hence in particular 

(sgn(x)u'(x) + uju(x)) 1{„>i} dx > 

r -i 

for all u G H 1 ^— 1,1) satisfying u(— 1) = w(l) = and u > 0. For u n (x) := 
2(1 - x 2 ) n we thus obtain for a n := (1 - 2- 1 /™) 1 / 2 

(sgn(x)u' n (x) + uu n (x))t {Un > 1} dx 
rct r1 

u n dA < —2 + Auja n . 



|0 


1 C^n 










+ W 


/; 



This is a contradiction since a„ — > as n — > oo. □ 

However, if we assume some regularity of the coefficients we obtain a quasi- 
submarkovian semigroup, i.e., a semigroup such that (e _wt T(i)) t >o is positive and 
L°°-contractive for some u> £ R, as we show next. 

Proposition 4.5. . If bj e W 1 ' 00 ^) for j = 1,...,N, then the Wentzell-Robin 
semigroup (T(t))t>o is quasi-submarkovian on 7i. 
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Proof. It follows from 0uhQ5l Theorem 2.6] that (T(t))t>o is positive. By assump- 
tion, there exists k > such that \b\ < k and div(fe) < k almost everywhere. Pick 
lo larger than ||d||oo + k and \\(3\\oo + k. Since Dju + = Djut {«>o}i we obtain from 
the divergence theorem that for all (u, uqq) G V satisfying u > we have 

a^((l A w, 1 A u| an ), ((« - Han - 1) + )) 

= / 6V(u-l)+dA + f (d + w)(u- 1)+ dA+ / (/? + w)(u - 1)+ da 
Jn Jn Jan 

{u-l) + b-uda- [ (u - 1)+ div(6) dA 
+ / (d + w)(u- 1) + dA+ / (j3 + u)(u- 1)+ da 



> / (« - l) + (^ - Nice - fc) dA + / (« - l)+(w - PHoc - fc) da > 0. 
It follows from |Ouh05l Corollary 2.17] that (e" wt T(£)) t > is submarkovian. □ 



We need a density result, which is similar to Lemma I4~2| in order to show that 
(T(i)) t > restricts to a Co-semigroup on C(fi). 



Lemma 4.6. Assume that a^^ is coercive and let 7 be as in Theorem 13.141 For 
all v G C°°(fl) and all e > there exists ip G C°°(f2) such that the unique solution 
u of Q2.3J1 for the right-hand side /o := ip, fj '■= 0, j = 1, . . . , TV, and g := ip\an 
satisfies \\u — u||c°.-r(fi) < £- 

Proof. Let p > N and e > be arbitrary. By the Stone- Weierstrass theorem there 
exists fco G C°°(f2) such that g := (fco — /3u)|an satisfies HffHxwan) < £• Now pick 
test functions kj G C£°(fi), j = 1, . . . , TV such that 

/O : = fco + fco - X! Ci - DiV ~ fj := fc J _ X! aiDiV ~ M 

i=l i=l 

satisfy \\fj\\ L p(n) < e for j = 0, . . . , N. Define 

iV 

ip := ifeo+fto + ^jfcj G c°°(n) 
J'=l 

and let u be the unique solution of l|2.3p as described in the claim. Then 



a-L,p{u — v,<p) = / ipipdX + / ip(p dcr - a L ^(v, tp) 
Jn Jon 

N 

= / /o^dA + V" / fjDj(pdX+ / .g^dcr 
Jn j =1 Jn Jan 

for all ip G C^H). Thus part §vj of Theorem [3141 implies that 

||«-«||c».7(n) < c(/V + 2)e 

for some constant c that does not depend on v, ip, e or e. If we pick e small enough 
such that c(N + 2)e < e, the claim follows. □ 

Theorem 4.7. Assume &j G W 1,00 (fi) for all j = 1, . . . ,N. Then the restriction 
of (T(t)) t >o to ^ := {(w, u|an) : u G C(fi)} is a positive, compact Co-semigroup. 

Proof. Pick > large enough such that a£ ^ and hence in particular a£ ^ is 
coercive. Then A := —uj is in g(A), where A denotes the generator of (T(i)) t >o. 
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Using Theorem 13. 14^ one can show as in the proof of Lemma 13.131 that there 
exists m G INT such that 

R(X,A) m H C ^ := {(ti,u|8n) : u £ C 'T(fi)} . 

Since (T(i)) t >o is analytic, each T(t), t > 0, is a bounded operator from W to ^°' 7 . 
In particular, ^ is invariant under each T(t), t > 0. 

By Propos ition [4*3| the restriction of (T(t)) t >o to If is a semigroup in the sense 
of lABHNOll . Definition 3.2.5]. Its generator is the part of A in <*f. Since C 00 ^) 



is dense in C (f2), the part of A in ^€ is densely defined by Lemma 14.61 Thus, 
by |ABHN0ll Corollary 3.3.11], the restriction of (T(t)) t >o to ^ is a Co-semigroup. 



Since T(t) is positive on H, it is also positive on Since V is compactly 
embedded into H by the Sobolev embedding theorems, T(t) is compact on H for 
every i > 0. Compactness of the semigroup on c € follows by factorization through 
H. " □ 



Remark 4.8. Typically one identifies the semigroup (T(t)) t >o on ^ of Theorem l4.7l 
via the isometric isomorphism 

Sf-C(n), {u,u\ an )^u 

with a positive, compact Co-semigroup on C(Q) and calls that one the Wentzell- 
Robin semigroup. 

In the proof of the preceding theorem we used the regularity assumption on the 
coefficients only to ensure that the operator norm of T(t) on L°°(Q) © L°°(dfi) 
is bounded for small t. There seems to be no simple argument that assures the 
boundedness in the general case. For example, as we have seen in Example I4.4[ we 
cannot expect the semigroup to be quasi-contractive. 

However, the s ituation is different for the L p -spaces, 1 < p < oo. By direct 
estimates, Daners [DanOOal ] proved that under rather general regularity assumptions 
that the Robin semigroup is quasi-i p -contractive for every p G (l,oo). Although 
a similar proof still works for the Wentzell-Robin semigroup in the product space 
L p (Vt) (BL p (dfl), as the last result in this article we show how such an es timate can 
be obtained by reduction to the Robin case, which extends the result in |FGGR0Sl |. 

Proposition 4.9. There exists a do that depends only on the coefficients of the 
differential operator L such that for every p G (1, oo) we have 



\\T(t)u\\ p < C ^\\u 



for all t > and all u G 7i that are in L p (fl) © L p (dQ). Here we write lo p for the 
quantity max{p,p'}5o, where p' denotes the dual exponent to p. 

Proof. Let p G (l,oo). Denote by B the intersection of H and the unit ball of 
L p := L p (£t) © L p (90). By Fatou's lemma, B is closed in H, and B is convex. Let 
V denote the orthogonal projection of H onto B. 

Since in the special case L = — A and /3 = the corresponding semigroup 
(S(t))t>o is quasi-submarkovian by Proposition I4.5[ we obtain from the Riesz- 
Thorin interpolation theorem that there exists u> > such that (e~^ t S(t)) t >o leaves 
B invariant. Thus 

PV CV (4.2) 
by |Ouh05l . Theorem 2.2], since V is the form domain of ^ . 



Let (R(t))t>o denote the Robin semigroup for the form a^. Let B denote the 
intersection of L 2 (Sl) and the close d unit ba ll in L p (Sl), and let P be the orthogonal 



projection of L 2 (0) onto B. By [DanOOal . Theorem 5.1], (e~ u " t R(t)) t > maps B 



into itself. Thus 

a u L p p (u,u- Pu) > for all u G V := H 1 ^) (4.3) 
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by |0uhQ5l . Theorem 2.2]. Since we already know that V maps V into V, it is easy 
to see that 

V{u,u\ dn ) = {Pu, (Pu)|ao) for all u E H\n). (4.4) 
By definition of d£ p g, it follows from (|4.3p and l|4.4p that 

al*p((u,u\ d n),(I -V)(u,u\ a n)) > for all u e H x {ti). (4.5) 

Again by Theorem |Ouh05l Theorem 2.2] it follows from (0~2]) and (g3]) that B 
is invariant under the semigroup (e~" pt T(t)) t >o. This is precisely the statement we 
wanted to prove. □ 



References 

W. Arendt, C.J.K. Batty, M. Hieber, and F. Neubrander, Vector-valued 
Laplace transforms and Cauchy problems, Monographs in Mathematics, 
vol. 96, Birkhauser Verlag, Basel, 2001. 

W. Arendt, G. Metafune, D. Pallara, and S. Romanelli, The Lapla- 
cian with Wentzell- Robin boundary conditions on spaces of continuous 
functions, Semigroup Forum 67 (2003), no. 2, 247-261. 
J. -J. Alibert and J. -P. Raymond, Boundary control of semilinear el- 
liptic equations with discontinuous leading coefficients and unbounded 
controls, Numer. Funct. Anal. Optim. 18 (1997), no. 3-4, 235-250. 
W. Arendt and A.F.M. ter Elst, Gaussian estimates for second order el- 
liptic operators with boundary conditions, J. Operator Theory 38 (1997), 
no. 1, 87-130. 

W. Arendt and M. Warma, The Laplacian with Robin boundary condi- 
tions on arbitrary domains, Potential Anal. 19 (2003), no. 4, 341-363. 
R.F. Bass and P. Hsu, Some potential theory for reflecting Brownian 
motion in Holder and Lipschitz domains, Ann. Probab. 19 (1991), no. 2, 
486-508. 

G.M. Coclite, A. Favini, G.R. Goldstein, J. A. Goldstein, and S. Ro- 
manelli, Continuous dependence on the boundary conditions for the 
Wentzell Laplacian, Semigroup Forum 77 (2008), no. 1, 101-108. 
D. Daners, Heat kernel estimates for operators with boundary conditions, 
Math. Nachr. 217 (2000), 13-41. 

, Robin boundary value problems on arbitrary domains, Trans. 

Amer. Math. Soc. 352 (2000), no. 9, 4207-4236. 

, Inverse positivity for general Robin problems on Lipschitz do- 
mains, Arch. Math. (Basel) 92 (2009), no. 1, 57-69. 
L.C. Evans and R.F. Gariepy, Measure theory and fine properties of 
functions, Studies in Advanced Mathematics, CRC Press, Boca Raton, 
FL, 1992. 

K.-J. Engel and R. Nagel, One-parameter semigroups for linear evo- 
lution equations, Graduate Texts in Mathematics, vol. 194, Springer- 
Verlag, New York, 2000, With contributions by S. Brendle, M. Campiti, 
T. Hahn, G. Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi, 
S. Romanelli and R. Schnaubelt. 

K.-J. Engel, The Laplacian on C(f2) with generalized Wentzell boundary 
conditions, Arch. Math. (Basel) 81 (2003), no. 5, 548-558. 
A. Favini, G.R. Goldstein, J. A. Goldstein, and S. Romanelli, The heat 
equation with generalized Wentzell boundary condition, J. Evol. Equ. 2 
(2002), no. 1, 1-19. 

, Wentzell boundary conditions in the nonsymmetric case, Math. 

Model. Nat. Phenom. 3 (2008), no. 7, 143-147. 



18 



ROBIN NITTKA 



[FT95] M. Fukushima and M. Tomisaki, Reflecting diffusions on Lipschitz do- 
mains with cusps - analytic construction and Skorohod representation, 
Potential Anal. 4 (1995), no. 4, 377-408. 

[GR01] J. A. Griepentrog and L. Recke, Linear elliptic boundary value problems 
with non-smooth data: normal solvability on Sobolev-Campanato spaces, 
Math. Nachr. 225 (2001), 39-74. 

[Gri85] P. Grisvard, Elliptic problems in nonsmooth domains, Monographs and 
Studies in Mathematics, vol. 24, Pitman (Advanced Publishing Pro- 
gram), Boston, MA, 1985. 

[GT01] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of 

second order, Classics in Mathematics, Springer- Verlag, Berlin, 2001. 
[Ouh05] E.M. Ouhabaz, Analysis of Heat Equations on Domains, London Math- 
ematical Society Monographs Series, vol. 31, Princeton University Press, 
2005. 

[Tri95] H. Triebel, Interpolation theory, function spaces, differential operators, 

second ed., Johann Ambrosius Barth, Heidelberg, 1995. 
[Tro87] G.M. Troianiello, Elliptic differential equations and obstacle problems, 
The University Series in Mathematics, Plenum Press, New York, 1987. 
[War06] M. Warma, The Robin and Wentzell- Robin Laplacians on Lipschitz do- 
mains, Semigroup Forum 73 (2006), no. 1, 10-30. 
[Zie89] W.P. Ziemer, Weakly differentiable functions, Graduate Texts in Math- 
ematics, vol. 120, Springer- Verlag, New York, 1989, Sobolev spaces and 
functions of bounded variation. 



Robin Nittka, University of Ulm, Institute of Applied Analysis, 89069 Ulm, Ger- 
many 

E-mail address: robin.nittka@uni-ulm.de 



